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Abstract: To reveal the Schwinger effect for quarks, i.e., pair creation process of
quarks and antiquarks, we derive the vacuum decay rate at strong coupling using
AdS/CFT correspondence. Magnetic fields, in addition to the electric field responsi-
ble for the pair creation, causes prominent effects on the rate, and is important also
in experiments such as RHIC/LHC heavy ion collisions. In this paper, through the
gravity dual we obtain the full Euler-Heisenberg Lagrangian of N = 2 supersym-
metric QCD and study the Schwinger mechanism with not only a constant electric
field but also a constant magnetic field as external fields. We determine the quark
mass and temperature dependence of the Lagrangian. In sharp contrast with the
zero magnetic field case, we find that the imaginary part, and thus the vacuum de-
cay rate, diverges in the massless zero-temperature limit. This may be related to a
strong instability of the QCD vacuum in strong magnetic fields. The real part of the
Lagrangian serves as a generating function for non-linear electro-magnetic responses,
and is found such that the Cotton-Mouton effect vanishes. Interestingly, our results
of the Schwinger / Cotton-Mouton effects coincide precisely with those of N = 2
supersymmetric QED.
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1. Introduction
The renowned Schwinger effect, creation process of electron-positron pairs in strong
electric fields, is a big challenge in the field of non-linear quantum field theory. Al-
though the Schwinger limit E ∼ m2e has not been reached by the direct experiments
such as strong lasers, similar effective setups in materials are actively investigated.
Theoretical foundation of the Schwinger effect [1]1 was to evaluate the imaginary
part of the effective action of QED under a constant electromagnetic field, the
Euler-Heisenberg Lagrangian [4] which dates back to 1936. The Euler-Heisenberg
Lagrangian is a generating function of nonlinear electromagnetic responses of the
vacuum. In its expression, the electric field couples to the magnetic field in a com-
plicated and nonlinear manner, and the total effective Lagrangian is a starting point
in the research of strong fields in QED, including the non-perturbative Schwinger
effect.
In [5], two of the present authors derived an Euler-Heisenberg Lagrangian for a
supersymmetric QCD in the strong coupling limit, by using the AdS/CFT correspon-
dence [6, 7, 8]. Since the quarks have electric charges, once a strong electric field (not
1For reviews, see [2, 3].
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a color electric field2 but the Maxwell electric field) is applied, a quark antiquark pair
is created. The nontrivial part is the gluon interaction at strong coupling in QCD.
The quarks are confined, and between the quark and the antiquark a confining force
(a QCD string) is present to bind them. If the electric field is strong enough, the
quarks are liberated. This truly nonperturbative process is of importance, not only
because it can be a realistic phenomenon occurring in the universe, but also because
it may be a touchstone for understanding the quark confinement.
There are at least two cases in which the QCD Schwinger effect may play an
important role: First, the heavy ion collision experiment, and second, magnetars
(neutron stars with a very strong magnetic field). In the heavy ion collisions, very
strong electric fields are generated by the the electric current induced by heavy ions
passing by each other. Since the magnetic field is time dependent, there appears
strong electric field as well [13, 14, 15, 16, 17], and it may be related to the formation
of the quark gluon plasma. On the other hand, magnetars are known to be the most
dense place in the universe, and the strong magnetic field accompanied by some
electric field can occur and affect the core structure of the stars, possibly having a
quark phase inside. In these examples, the understanding of QCD and Schwinger
effect in strong electric and magnetic fields can be tested by experiments/observations
and serves as a playground at which we can test our theoretical knowledge on strongly
coupled quantum field theories.
Via the AdS/CFT correspondence, the Schwinger effect of N = 4 supersymmet-
ric Yang-Mills theory at strong coupling was calculated in [18], where an explicit sad-
dle point analysis of a quark antiquark pair (a one-instanton calculation) was made.
Based on [18], varieties of calculations of the one-instanton amplitude were reported
[19, 20, 21, 22, 23, 24, 25, 26]. In these papers, a string worldsheet shape in the AdS
space was evaluated to calculate the single pair creation3. On the other hand, two of
the present authors took a different approach [5] at which a D-brane action in AdS
was found to be directly equivalent to the effective Lagrangian (Euler-Heisenberg
Lagrangian) including the imaginary part agreeing with instanton summation of the
Schwinger effect, for a large electric field. It describes also the real part, and the case
where the worldsheet approach breaks down at the large electric field.
The result of [5] is summarized as follows; The Euler-Heisenberg Lagrangian of
strongly coupled N = 2 supersymmetric QCD at large Nc limit was calculated in the
presence of a constant electric field using the AdS/CFT correspondence. Its imagi-
nary part explicitly evaluated is found to agree with large electric field expansion of
the Schwinger effect of N = 2 supersymmetric QED (once the QCD string tension
is replaced by the electron mass). However, there, only the electric field was consid-
ered. In this paper, we include the full dependence of the magnetic field, which is
2For the color electric field and its Schwinger effect, see for example [9, 10, 11, 12]. We use the
AdS/CFT correspondence, so it is challenging to find how to treat color electromagnetic fields.
3For brane creation approach, see [27]. For an application to EPR, see [28, 29].
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important as is obvious from the physical situations explained above.
Here we summarize the finding of the present paper:
• We obtain the Euler-Heisenberg Lagrangian of the N = 2 supersymmetric
QCD in a constant electromagnetic field, at strong coupling and large Nc limit.
• We evaluate the imaginary part of the Euler-Heisenberg Lagrangian, and find
that the rate of the quark antiquark creation diverges at zero temperature for
massless quarks.
• The divergent rate can be regularized, i.e., the vacuum is unstable but the
lifetime becomes finite, by either introducing finite temperature or a quark
mass.
• We compute the real part of the Euler-Heisenberg Lagrangian, and show the
disappearance of Cotton-Mouton effect in an expansion with the electromag-
netic field.
• The imaginary part of the Euler-Heisenberg Lagrangian for a small quark mass
is shown to coincide with that of N = 2 supersymmetric QED, at the lead-
ing order in electron mass. The agreement is found also for the real parts
responsible for the Cotton-Mouton effect.
The organization of this paper is as follows. In section 2, using the AdS/CFT
correspondence, we obtain the effective action (Euler-Heisenberg Lagrangian) ofN =
2 massless supersymmetric QCD (SQCD) in a constant electromagnetic field. It is
given as a function of the field strengths ~E and ~B, the charge density d and the current
j. For this we use an extension of the dictionary of the AdS/CFT correspondence
and the equations of motion. Then we compute the imaginary part of the Euler-
Heisenberg Lagrangian for d = j = 0. We find that the rate of the quark antiquark
creation is divergent, and has a regularized form log T for a small temperature T .
In section 3, we obtain the Euler-Heisenberg Lagrangian in gapped system when the
quark mass is nonzero, and see that the divergent imaginary part is regularized by
the small quark mass. We evaluate the real part to study the non-linear electro-
magnetic response of the vacuum, and at the third order, we find that the Cotton-
Mouton effect disappears. We compare these results with those of weakly coupled
supersymmetric QED and find a quantitative agreement, unexpectedly. Finally in
section 4, we summarize our results.
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2. Euler-Heisenberg Lagrangian with electromagnetic field in
massless SQCD
It is a challenging problem to evaluate Schwinger effect in strongly coupled gauge
theories. The AdS/CFT correspondence is a universal tool for analyzing such the-
ories. We can consider a classical gravity which is dual to the strongly coupled
gauge theories using the AdS/CFT correspondence. In this section, we obtain the
Euler-Heisenberg Lagrangian, which is the effective Lagrangian in an external elec-
tromagnetic field, for a massless supersymmetric QCD, and evaluate the Lagrangian.
First, in section 2.1, we calculate the full Euler-Heisenberg Lagrangian as a function
of the electromagnetic fields ~E and ~B, the quark number density d and the electric
current j. Then in section 2.2, we evaluate the imaginary part and see the divergence
due to the presence of the magnetic field. We see that the divergence is regularized
by a temperature.
2.1 Full Euler-Heisenberg Lagrangian of strongly coupled N = 2 SQCD
Consider the supersymmetric gauge theory on the boundary of an AdS space, which
is N = 4 supersymmetric Yang-Mills theory with a N = 2 hypermultiplet with
SU(Nc) gauge group. The configuration of D-branes realizing the gauge theory is a
D3-D7 brane system [30]. Taking a gravity dual, we use an AdS black hole metric as
a background metric, in order to see the relation between the rate of quark antiquark
creation and a temperature. The probe D7-brane in the AdS space has been well-
studied to look at an electric conductivity, that is, an electric current determined by
the external electric field [31, 32, 33].4 The effective action (the D7-brane action in
the AdS) is put to be real to determine the conductivity. Here on the other hand,
we are interested in the instability caused by the external electromagnetic field, so
the current j is put to zero (or takes some arbitrary value), giving an imaginary part
in the effective action: this is how we obtain the Euler-Heisenberg Lagrangian [5].
The AdS black hole metric is the following,
ds2 =
R2
z2
[
−
(
1− z
4
z4H
)
dt2 +
(
1− z
4
z4H
)−1
dz2 + d~x2
]
+R2dΩ25, (2.1)
where the coordinate z is the AdS radial direction, and z = 0 corresponds to the
boundary of the AdS space, and z = zH is the horizon of the black hole. d~x
2 is defined
by d~x2 = dx21 + dx
2
2 + dx
2
3. R is the radius of the AdS space. These parameters are
given by the following relations between that of the gauge side and that of the gravity
side:
zH =
1
piT
R4 = 2λα′2, (2.2)
4See also [34, 35, 36, 37, 38, 39, 40, 41] for related references.
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where T is a temperature, and λ ≡ Ncg2QCD is a ’t Hooft coupling of the SQCD, and
α′ is defined by α′ = l2s .
In the D3-D7 system, the D7-brane has the degree of freedom of the quark in
the fundamental representation of the color SU(Nc) gauge group by coupling to the
D3-branes. Going to the gravity dual, the action in the gravity side is a D7-brane
action in the AdS space. The D7-brane action is the following:
SD7 = −µ7
∫
dtd3~xdzd3Ω3
√
−det [P [g]ab + 2piα′Fab], (2.3)
where we need not consider the scalar fields on the D7-brane, since we are working
for the massless SQCD.
The Euler-Heisenberg effective action is defined by
L = −i ln〈e−i
∫
Aextµ j
µ〉0, (2.4)
which is a function of the external electric and magnetic fields represented by Aextµ . j
µ
is the U(1) current operator corresponding to the baryon charge, and the expectation
value 〈 〉0 is taken with respect to the “false vacuum”, i.e., the vacuum without the
field which is now unstable. If the expectation value in (2.4) was taken with the true
vacuum, the standard AdS/CFT dictionary [7, 8] states that the effective action
is given by the D7-brane action evaluated with the reality condition for the action
[31, 32, 33] and with the solution of the equation of motion. In ref. [5], two of the
present authors proposed that the effective action (2.4) is given as the D7-brane
action evaluated with the false-vacuum solution, i.e., the solution of the equation of
motion without the electromagnetic fields. Substituting the AdS black hole metric
for the D7-brane action, the effective action becomes
L = −2pi2µ7
∫
dz
R8
z5
√
ξ, (2.5)
where dΩ-integral is Vol(S3) = 2pi2. The factor µ7 is the D7-brane tension, given
by µ7 ≡ 1/((2pi)7gsα′4). The string coupling constant gs is related to the gauge
coupling constant of SQCD as 2pigs = g
2
QCD. Without losing generality, we can
choose the direction of the electromagnetic fields. Using the rotation symmetry, we
fix the electric field to the x1 direction. The magnetic fields are generic in x1, x2, x3
directions. Then the ξ in the action is defined by the following:
ξ ≡ 1− (2piα
′)2z4
R4
[
F 20z + F
2
01h(z)
−1 − F 21zh(z)− F 212 − F 223 − F 213
]
−(2piα
′)4z8
R8
[F 223{F 201h(z)−1 − F 21zh(z)}+ F 20z
{
F 212 + F
2
23 + F
2
13
}
]. (2.6)
The function h(z) is defined as h(z) = 1− z4/z4H .
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Consider rewriting the effective Lagrangian (2.6) in order to see the dependence
on the charge density d and the current j. We derive the equations of motion
from this action. Since we are interested in homogeneous phases, we simply put
∂i = 0 (i = 1, 2, 3). Then the equations of motion are the following:
∂z
[
F0z
z
√
ξ
+
(2piα′)2z3
R4
√
ξ
F0z(F
2
12 + F
2
23 + F
2
13)
]
= 0, (2.7)
∂0
[
F0z
z
√
ξ
+
(2piα′)2z3
R4
√
ξ
F0z(F
2
12 + F
2
23 + F
2
13)
]
= 0, (2.8)
∂0
[
F01
z
√
ξ
h(z)−1+
(2piα′)2z3
R4
√
ξ
F01F
2
23h(z)
−1
]
+∂z
[
F1z
z
√
ξ
h(z) +
(2piα′)2z3
R4
√
ξ
F1zF
2
23h(z)
]
= 0.
(2.9)
In particular, the equations of motions in the case of time-independent field config-
urations are
∂z
[
F0z
z
√
ξ
+
(2piα′)2z3
R4
√
ξ
F0z(F
2
12 + F
2
23 + F
2
13)
]
= 0, (2.10)
∂z
[
F1z
z
√
ξ
h(z) +
(2piα′)2z3
R4
√
ξ
F1zF
2
23h(z)
]
= 0. (2.11)
Next let us evaluate the charge density d and the current j in the gauge side.
Using the dictionary of the AdS/CFT correspondence, they are respectively
d =
2piα′F0z
z
√
ξ
+
(2piα′)3z3
R4
√
ξ
F0z(F
2
12 + F
2
23 + F
2
13), (2.12)
j =
2piα′F1z
z
√
ξ
h(z) +
(2piα′)3z3
R4
√
ξ
F1zF
2
23h(z). (2.13)
These charge density and current are substituted into ξ, to find
ξ =
1− (2piα′)2z4
R4
(E21h(z)
−1 − ~B2)− (2piα′)4z8
R8
(E1B1)
2h(z)−1
1 + z
6d2
R4
(
1+
(2piα′)2z4 ~B2
R4
) − z6j2h(z)−1
R4
(
1+
(2piα′)2z4B21
R4
) , (2.14)
where F01 ≡ E1 is a constant electric field, and F12 ≡ B3, F23 ≡ B1, F31 ≡ B2 are
constant magnetic fields. Using this ξ, the effective Lagrangian with the constant
electromagnetic fields is as follows:
L = −2pi2µ7
∫ zH
0
dz
R8
z5
√√√√√1− (2piα
′)2z4
R4
(E21h(z)
−1 − ~B2)− (2piα′)4z8
R8
(E1B1)2h(z)−1
1 + z
6d2
R4
(
1+
(2piα′)2z4 ~B2
R4
) − z6j2h(z)−1
R4
(
1+
(2piα′)2z4B21
R4
) .
(2.15)
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When j = 0, the solution corresponds to the false vacuum, and (2.15) gives the Euler-
Heisenberg effective action. This is our result from the AdS/CFT correspondence,
and the basis for the following analyses. The imaginary part of the effective action
gives half the inverse life time of the false vacuum.
When j = 0, using the spatial rotation symmetry, we can recover the full ~E and ~B
dependence. The Euler-Heisenberg Lagrangian for a generic constant electromagnetic
field, at a finite temperature is
L = −2pi2µ7
∫ zH
0
dz
R8
z5
√√√√√1 + β(z) ~B2 − β(z)h(z) ~E2 − β(z)2h(z)
(
~E · ~B
)2
1 + z
2
(2piα′)2
β(z)
1+β(z) ~B2
d2
(2.16)
and β(z) ≡ (2piα′)2z4/R4. In particular, for the vanishing density d = 0, the Euler-
Heisenberg Lagrangian is simplified as
L = −2pi2µ7
∫ zH
0
dz
R8
z5
√
1 + β(z) ~B2 − β(z)
h(z)
~E2 − β(z)
2
h(z)
(
~E · ~B
)2
(2.17)
In the language of the massless N = 2 SQCD, this Euler-Heisenberg Lagrangian
(at a finite temperature and with d = j = 0) is written as
L = −Ncλ
23pi4
∫ 1/(piT )
0
dz
z5
√
1 + β(z) ~B2 − β(z)
h(z)
~E2 − β(z)
2
h(z)
(
~E · ~B
)2
(2.18)
where β(z) = (2pi2/λ)z4 and h(z) = 1− (piT )4z4.
2.2 Magnetic instability and imaginary part of Lagrangian
In this subsection, we evaluate the imaginary part of the effective Lagrangian, and
study the vacuum instability against not only the electric field but also the magnetic
field. First, the imaginary part at zero temperature T = 0 and zero quark density
diverges: The vacuum is not protected by a gap and thus extremely unstable. In
a finite temperature case, the divergence is suppressed. In fact, assuming that the
temperature provides a thermal mass for the quarks, the divergence of the imaginary
part coincides with the result of a massive SQCD, and further with a supersymmetric
QED, as we shall see in the next section.
In the previous subsection, we obtained the effective Lagrangian (2.15) with not
only the constant electric field but also the constant magnetic field in the massless
system. For simplicity, consider the case when the magnetic field is parallel to the
electric field (E1 and B1 are nonzero). Then the effective Lagrangian is given by
L = −2pi2µ7
∫ zH
0
dz
R8
z5
√
1− (2piα
′)2z4
R4
(E21h(z)
−1 −B21)−
(2piα′)4z8
R8
(E1B1)2h(z)−1.
(2.19)
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We evaluate the imaginary part of the effective Lagrangian to derive the rate of the
quark antiquark creation.
Consider the zero-temperature case, i.e., zH → ∞. Then the function h(z)
approaches unity. The z-integral of the imaginary part of the effective Lagrangian
is dominated by the third term in the square root of the Lagrangian. Thus, this
z-integral has a logarithmic divergence. Thus, in the presence of the magnetic field
in addition to the electric field, the vacuum decay rate diverges for massless SQCD
at strong coupling and at zero temperature. This is in sharp contrast with the zero
magnetic field case in which ImL = Nc
32pi
E2 is obtained [5]. In free Dirac systems, it
is known that the divergence of the Euler-Heisenberg effective Lagrangian depends
on dimensionality. In the pure electric field case (no magnetic field), for spatial
dimension larger than two, the decay rate is finite, while for a (1+1)-dimensional
system a divergence takes place. Our finding can be understood as an effective
dimension reduction by the magnetic field. In a finite magnetic field, Landau levels
are formed and the dispersion becomes flat in the two directions perpendicular to the
field. Starting from three spatial dimensions, the magnetic field reduces the effective
dimension to one. This may explain the divergence we obtain, although, it is unclear
if the argument holds for a strongly interacting model.
In a finite temperature system, the divergence of the decay rate is suppressed. In
order to evaluate the imaginary part of effective Lagrangian, we change the variable
z of this integral to y defined by y ≡ z/zH ,
L = −2pi2µ7(2piα′)2R4χ
∫ 1
0
dy
y5
√
1− y
4
χ
(E21(1− y4)−1 −B21)−
y8
χ2
(E1B1)2(1− y4)−1 ,
(2.20)
where χ is defined as χ ≡ R4/(2piα′)2z4H . As mentioned above, we found that the
imaginary part of the Lagrangian diverges in the limit T → 0. In order to see the
dependence on χ in the square root, we further change the variable y to Y ≡ χ− 14y,
L = −2pi2µ7(2piα′)2R4
∫ χ− 14
0
dY
√
1− (χ+ E21 −B21)Y 4 − χB21Y 8 − (E1B1)2Y 8
Y 5
√
1− χY 4 .
(2.21)
Let us look for the value of Y at which the integrand turns from real to imaginary.
Since χ is small, we can ignore O(χ) term in the numerator, to find the value as
Y = 1/
√
E1. So the imaginary part of L is from the integral over the region 1/
√
E1 <
Y < χ−
1
4 . At the integration, the forth term in the square root of the numerator
in the integrand becomes dominant for small χ, hence the imaginary part of the
Lagrangian is approximately given by
Im L ∼ 2pi2µ7(2piα′)2R4(E1B1)
∫ χ− 14
1/
√
E1
dY
Y
√
1− χY 4 . (2.22)
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Performing the integral for small χ leads to
Im L ∼ Nc
4pi2
E1B1log
1
T
. (2.23)
where we find a logarithmic dependence on the temperature.5
It is straightforward to obtain the Euler-Heisenberg Lagrangian for a generic
constant electromagnetic field in finite temperature. For small T , we obtain the
following dominant term in the divergence,
Im LT 6=0 = Nc
4pi2
∣∣∣ ~E · ~B∣∣∣ log b(E,B)
T
+O(T 0) . (2.24)
Here the constant b is determined as
b(E,B) ≡
[
1
2
(
~E2 − ~B2 +
√(
~E2 − ~B2
)2
+ 4
(
~E · ~B
)2)]1/4
. (2.25)
In addition, in a finite density system, we find a density dependence (d 6= 0 but at
T = 0),
Im Ld6=0 = Nc
4pi2
∣∣∣ ~E · ~B∣∣∣ log 1
d
+ · · · . (2.26)
This logarithmic dependence is quite similar to the finite temperature case (2.24).
In fact, we see in the following that this form is quite common and has a physical
interpretation, see (3.15).
3. Euler-Heisenberg Lagrangian with electromagnetic field in
massive SQCD
In this section, we evaluate the Euler-Heisenberg Lagrangian for the strongly coupled
N = 2 SQCD with a quark mass in constant electromagnetic fields. We evaluate
the imaginary part of the Euler-Heisenberg Lagrangian. The leading term coincides
with that of a weakly coupled supersymmetric QED.
3.1 Critical field
In this section, for simplicity, we consider T = 0 and d = 0. First, let us take a D7-
brane configuration of the SQCD with vanishing electromagnetic fields. The induced
5Divergences appearing in the DBI action and its relation to the validity of the DBI action in
the probe limit, see [42].
– 9 –
metric on the D7-brane is [30]
ds2 =
R2
z2
h˜(z) (dxµ)2 +
R2
z2h˜(z)
(
dz2 + dΩ23
)
, (3.1)
where µ = 0, 1, 2, 3 and dΩ23 is the metric of a unit 3-sphere, and
h˜(z) ≡ 1 + z
2η2
R2
. (3.2)
The constant η specifies the location of the D7-brane, which is physically related to
the quark mass by
η
2piα′
= mq . (3.3)
Turning on the constant electromagnetic fields on the D7-brane, we obtain the Euler-
Heisenberg Lagrangian for the strongly coupled N = 2 SQCD
L = −2pi2µ7
∫ ∞
0
dz
R8
z5
√
ξ (3.4)
with
ξ ≡ 1 + β(z)h˜(z)−2
(
~B2 − ~E2
)
− β(z)2h˜(z)−4
(
~E · ~B
)2
. (3.5)
The ~B = 0 result agrees with [5], and when η = 0, it reproduces our massless SQCD
result (2.17) at T = 0.
We can evaluate the critical electric field above which the effective Lagrangian
acquires an imaginary part. Solving ξ = 0 for z results in and equation
h˜(z)2 = β(z)b4 (3.6)
where the constant b(E,B) is defined in (2.25). This equation is simplified as
1 =
(
2piα′
R2
b2 − η
2
R4
)
z2 . (3.7)
In order for this to have a solution, we need
b(E,B) >
η√
2piα′R
=
(
2pi2
λ
)1/4
mq . (3.8)
This is the condition for having an imaginary part in the Euler-Heisenberg La-
grangian, a signal for vacuum instability. Without the magnetic field ( ~B = 0),
this condition (3.8) reduces to the critical electric field found in [5],
| ~E| >
(
2pi2
λ
)1/2
m2q . (3.9)
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Let us study magnetic field depen-
Figure 1: A plot of the critical electric field
Ecr as a function of the magnetic field B//
and B⊥, for nonzero mq. We find that the
magnetic field makes the critical electric field
larger.
dence of the critical electric field. The
critical electric field Ecr is a solution of
the equation
b(Ecr, B) =
(
2pi2
λ
)1/4
mq . (3.10)
Decomposing the magnetic field to two
components B// and B⊥ (parallel / per-
pendicular to the electric field), we can
plot the value of the critical electric field
as a function of the magnetic field B//
and B⊥, see Fig. 1. We find that the
magnetic field does not lower the crit-
ical electric field. In fact, the critical
electric field is minimized when the per-
pendicular magnetic field B⊥ vanishes, and the minimized value is equal to the critical
electric field in the absence of the magnetic field (3.9). In the zero magnetic field
case, the critical field coincides with the confining force [5]. This is natural because
the vacuum instability takes place when the quark-antiquarks are pulled apart with
a force stronger than the confining force. It is strange that the critical field has a
B⊥ dependence because the gluons mediating the confinement force is not affected
by the magnetic field. We leave this puzzle for future consideration.
3.2 Vacuum decay rate in the small mass limit
When the quark mass is finite, the vacuum decay rate, i.e., the imaginary part of
the effective action, is non-diverging, even above the critical field. Here, we evaluate
the small mass asymptotic behavior of the vacuum decay rate. As shown in the
previous section, the divergence of the decay rate originates from the integral at
large z. With non-zero mass represented by the parameter η 6= 0, the function h˜(z)
has the following z dependence (z∗ ≡ R2/η)
h˜(z) ∼
{
1 (z  z∗),
η2
R4
z2 (z  z∗). (3.11)
This alters the divergent behavior of the integral: For z  z∗, the integrand of the
effective Lagrangian behaves as
R8
z5
√
ξ ∼ z−5, (3.12)
whose integral is convergent. The leading behavior of the imaginar part is given by
Im L ∼ 2pi2µ7
∫ z∗
z0
dz
R8
z5
(2piα′)2
R4
z4
∣∣∣ ~E · ~B∣∣∣ , (3.13)
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where the massless limit corresponds to z∗ →∞. The lower bound of the integral z0
is determined by the condition that the Lagrangian becomes imaginary, and is the
solution of equation (3.7)
z0 ≡
(
2piα′
R2
b2 − η
2
R4
)−1/2
. (3.14)
The divergence appears when z0  z∗, and the leading term is given by (3.13) which
is evaluated as
Im L = Nc
4pi2
∣∣∣ ~E · ~B∣∣∣ log z∗
z0
+ · · ·
=
Nc
4pi2
∣∣∣ ~E · ~B∣∣∣ log b(E,B)
mq
+ higher in
mq
b(E,B)
. (3.15)
Interestingly, this divergence coincides with (2.24) if we replace the temperature T
with the quark mass mq. The linear relation between the temperature and the quark
mass is commonly found in thermal field theories at weak coupling, and our strongly
coupled results are consistent with that. We shall see later that our asymptotic
behavior (3.15), agrees with a weak coupling calculation of N = 2 supersymmetric
QED.
3.3 Nonlinear optical response of the SQCD vacuum: Disappearance of
the Cotton-Mouton effect
The real part of the Euler-Heisenberg Lagrangian has a meaning of electromagnetic
vacuum polarization. In particular, if we expand it in terms of the electromagnetic
fields, the coefficients gives the non-linear optical response function. As for our
system, the first non-trivial term is the fourth order term, which is related to the
Kerr effect and the Cotton-Mouton effect, i.e., birefringence induced by magnetic
fields (see for a review, [43]). In the following, we study the non-linear optical
response below the critical field by evaluating the real part of the Euler-Heisenberg
Lagrangian (3.4) as an expansion in terms of the electromagnetic fields.
Defining the Lorentz invariant combinations as
F ≡ ~E2 − ~B2, G ≡ ~E · ~B, (3.16)
our Euler-Heisenberg Lagrangian is written as
L = −2pi2µ7R3
∫ ∞
0
dz
R5
z5
√
1− gF − g2G2 . (3.17)
Here we defined
g ≡ β(z)h˜(z)−2 = (2piα
′)2
R4
z4
(
1 +
η2
R4
z2
)−2
. (3.18)
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If we expand the square root in (3.17) in terms of F and G2, we notice that an
integral of the form (n(≥ 1))
In ≡
∫ ∞
0
dz
R5
z5
g(z)n = R(2piα′)2
1
(1− n)(1− 2n)
(
λ
2pi2m4q
)n−1
(3.19)
determines the expansion coefficients. The Euler-Heisenberg Lagrangian (3.17) is
given by
L = −2pi2µ7R3
[
I0 − 1
2
FI1 − 1
8
(F 2 + 4G2)I2 + · · ·
]
. (3.20)
The first term I0 is divergent from the first place. It is the vacuum term and we need
an appropriate renormalization, as described in [5]. The second term I1 corresponds
to the charge renormalization, since F is nothing but the original Maxwell electro-
magnetism Lagrangian. Now, we come to the nontrivial leading correction I2. Using
the AdS/CFT dictionary for the coefficients, the term with I2 is expressed as
Lleading = λNc
3 · 27pi4m4q
(4G2 + F 2) (3.21)
This is the leading electromagnetic correction to the effective action of strongly cou-
pled N = 2 supersymmetric QCD.
An interesting observation is that the Cotton-Mouton effect vanishes in (3.21).
The response function of Cotton-Mouton effect is given by a combination c0,2− 4c2,0
where c0,2(c2,0) is the coefficient of G
2(F 2). We find that
c0,2 = 4
λNc
3 · 27pi4m4q
= 4c2,0 , (3.22)
so the Cotton-Mouton effect vanishes.
A possible reason for this result would be our supersymmetry (which is not
present at low energy in nature), as opposed to the standard QED in which the
Cotton-Mouton effect is non-vanishing, that is why experimental confirmation is ex-
pected. In fact, if we supersymmetrize the QED, the Cotton-Mouton effect vanishes,
as we shall see in the next subsection.
3.4 Coincidence with N = 2 supersymmetric QED
In this subsection, we compare the Euler-Heisenberg Lagrangian of SQCD with the
one-loop result of N = 2 supersymmetric QED. A priori, we expect no relation
between them because our SQCD is with self-interacting gluons and is evaluated
at strong coupling through the AdS/CFT correspondence, while the SQED is a
weak coupling and photons are not interacting with each other at the one-loop level.
However, unexpectedly, we find several coincidences: First is the small electric field
– 13 –
asymptotic of the vacuum decay rate, and the second is the leading nonlinear elec-
tromagnetic response coefficients. This agreement may be attributed to the super-
symmetries. It is known via AdS/CFT correspondence that in SQCD the gluon has
a Coulombic potential, that is presumably why we find the agreement in the follow-
ing. So, in one aspect, our report here should serve as a consistency check of our
calculation of the imaginary D-brane action in the AdS/CFT correspondence.
3.4.1 Comparison of the vacuum decay rate
First, let us check the divergence in the imaginary part. The one-loop QED [11]6 has
the following expression for the effective Lagrangian when ~E is parallel to ~B;
Im Lscalar = EB
8pi2
∞∑
l=1
(−1)l+1
l
exp[−pilm2/E]
2 sinh(pilB/E)
, (3.23)
Im Lspinor = EB
8pi2
∞∑
l=1
1
l
exp[−pilm2/E] coth(pilB/E) . (3.24)
Here Lscalar denotes scalar QED (the charged particle is a scalar bosonic field) and
Lspinor is for the ordinary QED. To have N = 2 supersymmetry, we need 2Nc scalars
and Nc spinors, and thus
Im LN=2 SQED = Nc (Im Lspinor + 2 Im Lscalar)
=
NcEB
8pi2
∞∑
l=1
1
l
exp[−pilm2/E]cosh(pilB/E) + (−1)
l+1
sinh(pilB/E)
. (3.25)
Let us consider a limit of electron mass m going to zero. In the expression above,
the factor exp[−pilm2/E] serves as a cut-off of the summation over l. Therefore we
can approximate it as
Im LN=2 SQED ∼ NcEB
8pi2
E/pim2∑
l=1
1
l
cosh(pilB/E) + (−1)l+1
sinh(pilB/E)
. (3.26)
The divergence is due to cosh / sinh ∼ 1 for large l, so, for large E/m2 we can further
approximate it as7
Im LN=2 SQED ∼ NcEB
8pi2
E/pim2∑
l=1
1
l
∼ NcEB
8pi2
log
E
pim2
∼ Nc
4pi2
EB log
√
E
m
. (3.27)
We find that this SQED result is in agreement with our SQCD result (3.15).
6See [44, 45, 46] for calculations in QED. For supersymmetric calculations, see [47, 48].
7In literature, this expression for the dominant imaginary part in QED (non-supersymmetric)
can be found in [49, 50].
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3.4.2 Comparison of the nonlinear optical response coefficient
Next, we look at the real part when the electromagnetic field is small. We shall see
that, again, our SQCD result coincides with that of the SQED.
The integral expression for the Euler-Heisenberg Lagrangian for spinor and scalar
QED (for a review, see [2]) is given as
Lscalar = 1
16pi2
∫ ∞
0
dη
e−ηm
2
e
η3
[
abη2
sinh bη sin aη
− 1 + η
2
6
(b2 − a2)
]
, (3.28)
Lspinor = −1
8pi2
∫ ∞
0
dη
e−ηm
2
e
η3
[
abη2
tanh bη tan aη
− 1− η
2
3
(b2 − a2)
]
. (3.29)
Here the real constants a and b are are related to the electro-magnetic fields via
a2 − b2 = ~E2 − ~B2 and ab = ~E · ~B. We can combine the two expressions to obtain
the Euler-Heisenberg Lagrangian for the N = 2 supersymmetric QED
LN=2 SQED = Nc (Lspinor + 2 Lscalar)
=
−Nc
8pi2
∫ ∞
0
dη
e−ηm
2
e
η3
[
abη2(cosh bη cos aη − 1)
sinh bη sin aη
− η
2
6
(b2 − a2)
]
. (3.30)
The constant term in the integral of (3.28) and (3.29) correspond to vacuum energy,
and cancel each other due to the supersymmetries. We can expand this expression
for small a and b
LN=2 SQED = −Nc
8pi2
∫ ∞
0
dη
e−ηm
2
e
η
[
−1
3
(a2 − b2)− η2 (a
2 + b2)2
24
+O((a, b)6)
]
.(3.31)
The first term represents charge renormalization and divergent, so here we ignore it.
We are interested in the second term, i.e., the leading nontrivial correction to SQED.
After the integration over η, we obtain
LN=2 SQEDleading =
Nc
26 · 3pi2m4e
(a2 + b2)2 =
Nc
26 · 3pi2m4e
(
4G2 + F 2
)
(3.32)
where F and G are defined in (3.16).
Surprisingly, we find that this SQED result coincides with the SQCD result
(3.21). This is obtained if we substitute the following relation
m2e ↔
√
2pi√
λ
m2q . (3.33)
The value
√
2pi√
λ
m2q is equal to Ecr which we was found in [5], and this relation was
identical to that found in [5] to find an agreement between the imaginary parts of
SQED and SQCD for large electric fields.
In summary, in this subsection, we found agreement in asymptotic behaviors
of the vacuum decay rate and the nonlinear optical response coefficients between
SQCD at the strong coupling and with non-interacting SQED (one loop), assuming
a natural relation (3.33).
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4. Summary
In this work, we studied the response of the vacuum in strong electric and magnetic
fields by calculating the Euler-Heisenberg Lagrangian (3.4) of the strongly coupled
N = 2 supersymmetric QCD in the large Nc limit. Above the critical electric field,
the vacuum becomes unstable against quark-anti-quark pair production that takes
place due to the Schwinger mechanism. The vacuum decay rate is given by the
imaginary part of the Euler-Heisenberg Lagrangian. The real part is the generat-
ing function of response functions of non-linear optical processes. The AdS/CFT
correspondence enables us to evaluate the Euler-Heisenberg Lagrangian.
We find that the imaginary part of the effective action diverges when the quark
mass (in this theory it is roughly equal to the confinement scale) approaches zero.
This divergence appears only in the presence of magnetic fields and we attribute this
to the effective dimensional reduction due to Landau quantization of the quarks. We
calculated the temperature and quark mass dependence of the decay rate in section
2 and 3 respectively. We found out that the critical electric field depends on the
magnetic field (3.8). In our N = 2 SQCD, the magnetic field makes the critical
electric field larger. We do not fully understand the reason of this magnetic field
dependence.
We also found, in some limits, the Euler-Heisenberg Lagrangian of large Nc
SQCD in the strong coupling limit agrees with non-interacting N = 2 supersymmet-
ric QED. The imaginary part at strong electromagnetic field, and the other is the
real part in the weak field expansion, at fourth order. This is an interesting coin-
cidence which we did not expect: The background electromagnetic field breaks the
supersymmetry so this coincidence cannot be explained by it. Although we do not
understand this, our finding may serve as an evidence that the AdS/CFT dictionary
can be extended to the false vacuum. This encourages us to further investigate non-
supersymmetric setup in the AdS/CFT correspondence at which we can evaluate
the Euler-Heisenberg Lagrangian and the Schwinger effect at more realistic strongly
coupled field theories. We shall report this elsewhere [51].
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